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Some years ago Anton Yu. Alekseev et al. conjectured the existence of massless modes in the spectrum of
excitations (“anomalous massless modes”) building upon certain similarities between a spontaneous symmetry
breaking and the interplay of axial and vector symmetries in an anomalous theory. We reinterpret the analogy
and argue that the presence of these modes is ensured in any (even) number of dimensions only by the exci-
tation of certain anomaly-induced terms called Schwinger terms. In 1+1 dimensions the anomalous massless
mode corresponds to the charge density wave present in a Luttinger liquid. In 3+1 dimensions, we identify the
anomalous massless mode with the so-called chiral magnetic wave. Our analysis shows that both modes arise
as a consequence of the same physics.
INTRODUCTION
It is well known that anomalies play a very important
role in the definition and consistency of Quantum Field
Theories (QFT’s) [1]. For instance, anomalies in the
gauge sector must be avoided since they spoil the
renormalizability of the theory.
Tightly related to anomalies are the so-called Schwinger
terms (ST), which are terms appearing in the equal
time commutators of constrain operators [2], inducing
an extension of the algebra that can be observed at the
level of current commutators [3]. Like anomalies, ST
can be obtained by means of the Stora chain of descent
equations and known results indicate that they are robust
against interactions [4]. Schwinger terms have also
implications for theories at finite temperature and/or
chemical potential. This fact is eventually responsible
for the chiral magnetic effect [5]. As we will briefly
review later on, one can also extract the chiral magnetic
effect from the existence of ST. Associating anomalous
transport to ST is more natural than using the anomaly
polynomial. The reason is that the chiral magnetic effect
is present even when the anomaly is not excited, but
Schwinger terms need to be switched on for the chiral
magnetic effect to be present, as we will see.
Focusing on the interplay between a vector and ax-
ial symmetry, the purpose of this note is to emphasize
that an anomaly (concretely, the presence of ST) leads
to the existence of massless modes in the spectrum of
excitations (“anomalous massless modes”) and to ana-
lyze some of the consequences of their presence. To that
end, we start out motivating the idea in the next section
by studying the 1+1-dimensional case in detail. Then
we extend the result for D = d + 1-dimensional con-
structions (with D even), with similar conclusions to the
ones of [6]; we elaborate on the main differences be-
tween both approaches later on. Then we move on to the
particular case of 3+1 dimensions and interpret the re-
sulting anomalous massless mode as the so-called chiral
magnetic wave (CMW) [7], which has been conjectured
to have implications for heavy-ion collisions The whole
construction shows certain striking similarities with the
physics of spontaneous symmetry breaking, even though,
as will become clear later on, there is no charged opera-
tor developing a vacuum expectation value in our setup.
Our construction makes the presence of CMW a general
and robust feature, as long as there exists an anomalous
symmetry plus a background magnetic field. Let us re-
mark that Schwinger terms are indeed crucial to make the
connection; in its absence our conclusions are not valid
anymore. We conclude elaborating on future directions
and possible generalizations based on the known results
regarding usual NG bosons.
It is important to clarify that throughout this paper we
will be considering non-dynamical external gauge fields,
so that we can consider a background in which the diver-
gence of the current is effectively conserved.
FERMION IN 1+1 DIMENSIONS, SCHWINGER TERM
AND LUTTINGER LIQUIDS
Let us discuss a general system of left and right-
moving fermions in 1+1 dimensions ψL and ψR, with
the following lagrangian
L = ψ¯Li/∂ψL + ψ¯Ri/∂ψR + Lint , (1)
where Lint represent a generic interacting term, which
should not affect cualitatively our forecoming conclu-
sions, due to the robustness of ST.
It is very useful to perform the usual bosonization
ψL = e
−piiφL ; ψR = e
piiφR , (2)
where φL,R is a scalar field. Moreover, we further split
φR =
1
2
(ϕ+ v) and φL = 12 (ϕ− v). It turns out that
ϕ is dual to v, i.e. ∂tϕ = −∂xv (see for instance [9]).
This leads us to an expression for vector current can be
written in terms of the scalar ϕ as
jµv = ǫ
µν∂νϕ , (3)
which in particular implies that the charge density is
j0v = ψ
†
LψL + ψ
†
RψR = ∂xϕ. Moreover, exploiting
the identity between gamma matrices in two dimensions
γµγ5 = ǫµνγ
ν we can identify jµa (x) = ∂µϕ(x). Now,
the Schwinger term provides us with a central extension,
and the (anomalous) commutator of the axial and vector
charge densities reads [10]
[
j0a(x), j
0
v (y)
]
=
i
2π
∂1δ(x− y) , (4)
2or
[Qa, ϕ] =
i
2π
, (5)
where we have defined the charge operator
Qa =
´
dx1 j
0
a(x0, x1). The anomaly-induced
commutator (5) has important consequences. Equation
(5) indicates that ϕ gets shifted under the action of
Qa. Indeed, we claim that the scalar field ϕ(x) is the
analogue of a goldstone field for a broken U(1) symme-
try. As expected, a constant shift of ϕ does not make
any difference (in particular, our currents are invariant
under it), but if we assume that ϕ(x) = ϕ0 + ϕ1(x),
with the latter being a small perturbation, we find that
ϕ1(x) represents a massless field. In other words,
preserving the axial symmetry implies that the effective
action must be invariant under constant shifts of ϕ and
thus cannot contain any mass-term for that scalar1.
As a consequence, there must be a massless mode in
the spectrum of excitations of the theory, namely, our
anomalous massless mode.
Notice in passing that at finite chemical potential, we
have j1v = µa/4π, which is nothing but the chiral mag-
netic effect in 1+1 dimensions. But since j1v = ∂tϕ(x),
we conclude that ∂tϕ(x) = 4πµa, which is, up to a
trivial factor, the usual relation between the (superfluid)
chemical potential and a derivative of a goldstone field
(this is also compatible with jµa (x) = ∂µϕ(x)). This
is another example of the similarities between the
anomalous massless mode and a true Nambu-Goldstone
mode.
Anomalous massless boson from hydrodynamics: As
expected, a new massless mode can be observed by a hy-
drodynamic analysis of the theory. As will become clear,
it turns out that the presence of these massless modes is
related to the alterations in the hydrodynamics that are
induced by the so-called anomalous transport in the cor-
responding dimension.
Indeed, the currents feature the following hydrodynamic
expansion (we have rescaled the chemical potentials to
avoid factors of 4π in order to make the discussion
clearer)
j1v = µ5 −Dv∂x1j0v +O(k2) ,
j1a = µ−Da∂x1j0a +O(k2) , (6)
where {v, a} stand for “axial” and “vector”, D{v,a} are
diffusion constants and µ5 = j0a/χa, µ = j0v/χv are ax-
ial and vector chemical potentials respectively. Since the
electric field vanishes, we can impose current conserva-
tion to obtain
ωj0v + j
0
a
k
χa
+ ik2Dvj
0
v = 0 ,
ωj0a + j
0
v
k
χv
+ ik2Daj
0
a = 0 , (7)
1 We thank Carlos Hoyos for suggesting this argument.
leading to dispersion relations
ω±(k) = ± 1√
χaχv
k − i
2
(Da +Dv)k
2 +O(k3) . (8)
So we observe a massless mode with a linear dispersion
relation. Although not explicit, it is important to point
out that its velocity of sound would vanish in the absence
of the ST, which induces the central extension in (5).
Relationship with Luttinger liquids
As will be shown later on, in general ST depend on
the presence of background gauge fields that we can turn
off at will. However, according to (5), this is not the
case in 1+1 dimensions. Therefore, any consistent the-
ory of fermions in 1+1 dimensions should take this issue
into account. This was initially done in [11], in which
the authors provided a solution to the Luttinger liquid
via bosonization2. In this theory one can show that the
bosonization of the Luttinger liquid leads to the follow-
ing action for our bosonization field ϕ(x) (see for in-
stance [12])
Sϕ ∝
ˆ
d2x
[
(∂0ϕ)
2 − v2 (∂1ϕ)2
]
, (9)
that is, field appearing in equation (5) leads to a wave-
like massless mode with velocity of sound v (which is
fixed by the couplings of the original fermionic theory).
In the context of Luttinger liquids this mode is called
charge density wave. We therefore reach the conclusion
that our anomalous massless mode in 1+1 dimensions is
nothing but the well-known charge density wave arising
in Luttinger liquids.
The connection with Luttinger liquids is interesting for
another reason. It allows us to elucidate to what extent
the field ϕ(x) is the goldstone field arising from a real
spontaneous symmetry breaking. In particular, notice
that we can construct an operator charged under Qa of
the form
O = ψ∗LψR = epiiϕ , (10)
where we have used the symmetry ϕ → ϕ + ϕ0.
The question we want to address is then does O ac-
quire a vacuum expectation value (VEV)? The answer
is obviously negative due to the Mermin-Wagner the-
orem. Making use of the Luttinger-liquid theory we
can be more explicit. The two-point function G(x) =
〈O(x)O(0)〉 behaves at large distances as [12]
G(x >> 1) ∼
(
1
x
)γ
+ ... , (11)
2 Equation (5) is crucial to arrive at this intuition because it can be
interpreted as the commutation relation of a scalar field and its con-
jugate momentum.
3where γ > 0. We see that G(x) decays at long distances,
indicating that there is no long-range order. We conclude
that
〈O〉 = 0 , (12)
and hence, as expected, although there exists an anoma-
lous massless mode that shares many features with a NG
boson, there is no real spontaneus symmetry breaking in
our system.
ANOMALOUS MASSLESS BOSON IN GENERAL
(EVEN) DIMENSIONS
Our considerations in the previous section generalize
without obstruction to higher (even) dimensions and thus
we expect the same conclusions to hold. However, in
D = d + 1 > 2 dimensions there are several technical
differences that arise and we proceed to point out.
First of all, the central extension (4) becomes more com-
plicated in dimension D > 2, and generically depends
on external fields F , schematically
[
j0a(x), j
0
e (y)
]
= if(F)i∂iδ(x − y) , (13)
where i = 1, ..., d and f is a (vector) functional of
the external fields. In general, we should consider
background fields such that f(F)i 6= 0, which turns the
ST on. In 1+1 dimensions this is not a problem because
f is a constant in that case. Moreover, there exist a
further constraint on our background configuration,
namely, it has to be such that the anomaly is switched
off. We will see later on that it is not complicated to
come up with a background configuration such that all
the requirements are satisfied.
Apart from the background configuration, there is an-
other complication for D > 2 that has to do with the
extension of (3); one way to proceed is to introduce an
off-shell and ad-hoc solution to the conservation equa-
tion ∂µjµv = 0 in terms of a d− 1-form Λ, as
jµv = ǫ
µµ1...µd∂µ1Λµ2...µd . (14)
However, there is some gauge freedom Λ → Λ + dg
remaining. After gauge-fixing, we are left with a
d−dimensional vector ~ω. This is the procedure em-
ployed in [6] in order to find the analogue of the
scalar field ϕ for D > 2. This procedure finds more
justification when trying to generalize the bosonization
procedure to dimensions higher thanD = 2. One can see
that one is then naturally lead to a Kalb-Ramon gauge
potential that can be identified with Λ [13, 14], which in
turn provides us with a current of the form (14) (see for
instance [15]). Therefore, we take the the d-dimensional
vector field ωj(x) as the proper generalization of ϕ(x)
(observe that the 1+1-dimensional results are recovered
if we apply this general logic back to the case D = 2).
Equipped with the above considerations, we can now
apply the conclusions reached in the 1+1-dimensional
case. The field ωj fulfills
[Qa, ωj(y)] = if(F)j(y) , (15)
and similarities with a goldstone field are again mani-
fest. For the same reasons as in D = 2, field ωj will in-
duce a massless excitation, which is an anomalous mass-
less boson in D dimensions. Observe that, once again,
Schwinger terms (13) or (15) are crucial to induce non-
trivial transformation properties of ωj under an axial
transformation; there will be no gapless mode in its ab-
sence.
A similar conclusion was reached in [6]. In that refer-
ence the VEV of the commutator in (15) is interpreted
as some sort of order parameter and Goldstone’s the-
orem is invoked to argue in favor of the existence of
massless modes whenever the current satisfies 〈jiv〉 6= 0.
Here, on the contrary, we do not rely on Goldstone’s the-
orem but only on the non-trivial transformation of ωi
under Qa at the operator level3. This allows us to link
the existence of massless modes to the presence of non-
vanishing Schwinger terms in the corresponding dimen-
sion, without appealing to any other quantity.
In the following, we particularize the above general dis-
cussion to the 3 + 1-dimensional case.
Anomalous massless boson in 3+1 dimensions and the
Chiral Magnetic Wave
To illustrate the previous comments, we focus now on
the 3+1-dimensional case. We assume that we have a
chiral fermion and consider the interplay between axial
and vector currents. The Schwinger term now takes the
form [16]
[
j0a(x), j
0
v (y)
]
= iλBj(x)∂jδ(x− y) , (16)
which does not vanish, but depends on a external mag-
netic field Bj(x) (with j = 1, 2, 3). The coefficient λ
above is related to the anomaly coefficient. The ST can
be recast in the more convenient form4
[Qa, ωj ] = iλBj . (17)
In order to ensure the conservation of the currents we are
required to assume that our background configuration is
such that the electric field vanishes ~E = 0, whereas the
magnetic field is non-zero ~B 6= 05.
At this point it is worth mentioning the result of [6],
in which Schwinger term (17) is used to derive the chiral
magnetic effect. The authors consider a finite chemical
3 In fact, we have seen that ωi (or ϕ) can be interpreted more naturally
as goldstone fields, not as some order parameter operator. As shown
explicitly in D = 2, the VEV of the charged operator O vanishes.
4 Rotation invariance allows us to choose a given direction of the mag-
netic field, so practically speaking, only one of the components of ~ω
will actually lead to a non-trivial commutator with Qa.
5 Actually, ~E 6= 0 is also allowed as long as ~E · ~B = 0.
4potential, and relate equation ~jv(x) = −∂t~ω to the ST
(17). This provides the result6
〈~jv〉(x) = − i
2~
µ5
ˆ
dy〈[j0a(y), ~ω(x)]〉 = λ2~µ5 ~B(x) ,
(18)
which in particular is valid for arbitrary (namely,
non-necessarily constant) magnetic field. In this way,
we can derive the chiral magnetic effect without any
reference to the anomalous divergence of the current in
the presence of external fields, which is more natural
for we have been working all the time with ~E = 0, so
that the anomaly ~E · ~B = 0. This construction again
emphasizes the tight relation between the presence
of anomalous massless bosons and the existence of
anomalous transport. However, notice an important
difference: equation (18) vanishes if µ5 = 0, whereas
the existence of anomalous gapless bosons is ensured
even at zero chemical potential by arguments given
above, as long as the magnetic field is present.
Applying the same logic as in previous sections, we
thus expect an anomalous massless mode in the spectrum
of excitations. As before, we assume that temperature is
different from zero and use a hydrodynamic approach.
In fact, the computation is identical to that carried out
in 1+1 dimensions, the only difference being that now
the external magnetic field enters explicitly the constitu-
tive relations for the spatial components of the currents.
Assuming that ~B = B~ex points in the x-direction, the
hydrodynamic expansion of the currents now reads
jxv = Cµ5B −Dv∂xj0v + ... ,
jxa = CµB −Da∂xj0a + ... ,
where C ≡ λ
2~
is (proportional to) the anomaly coeffi-
cient. Imposing conservation of the above currents leads
to the following dispersion relations (k ≡ kx)
ω±(k) = ± CB√
χaχv
k − i
2
(Da +Dv)k
2 +O(k3) .
(19)
As aforementioned, our anomalous massless mode in
3+1 dimensions is the chiral magnetic wave [7], which
has been found recently as a consequence of anomalies.
Our analysis shows that the presence of this mode is
completely general as long as we have an AVV anomaly
and a background magnetic field.
To conclude this section, let us remark again that the
presence of this mode is independent of the chemical po-
tential. This feature is somehow obscured by the hydro-
dynamic derivation, but one can use holographic meth-
ods and encounter the anomalous massless mode (the
CMW in 3+1 dimensions) in the spectrum of a thermal
theory even at zero chemical potential (notice that the
chemical potential does not appear in (19)).
6 At this point, it is important to make sure that one is working with a
suitable definition of the current such that the chemical potential µ5
is well defined and equation (18) holds.
CONCLUSIONS AND FUTURE DIRECTIONS
In this note we have shown that, as long as Schwinger
terms are excited, anomalies induce massless modes
in the spectrum of excitations (“anomalous massless
modes”). This is compatible with the fact that they alter
the hydrodynamics of the theory (giving rise to the chiral
magnetic and chiral vortical effects).
We have investigated how a Schwinger term in 1+1 di-
mensions implies the existence of a massless mode. We
also pointed out the connection with Luttinger liquids;
the anomalous gapless boson gets in this way identified
with the charge density wave. Besides, there is no real
spontaneous symmetry breaking in our setup. Then, we
have generalized the above logic to higher dimensions
and worked out the 3+1-dimensional case as well. In 3+1
dimensions the anomalous massless boson corresponds
to the chiral magnetic wave [7], which arises naturally
and in an expected way in our framework. In this way,
we unify the physics of the CMW with that of the charge
density wave. Our conclusions imply the presence of
massless modes for arbitrary (even) dimensions as long
as Schwinger terms are excited.
We expect a rich phenomenology associated to anoma-
lous massless bosons. For instance, they should have
a great impact on the thermodynamic properties of the
system. Moreover, it is well-known that the CMW pro-
vokes an infinite D.C. conductivity (this is known un-
der the name of negative magnetoresistivity [8] which
is expected to play a role in Dirac and Weyl-semimetals
[17, 18]), very much as a usual NG boson does. It would
be interesting to study whether this feature is indepen-
dent of dimensionality. Exploiting further the analogy,
let us also point out that the presence of a vector chem-
ical potential switches on the spatial component of the
axial current, and hence it is possible that the anomalous
gapless boson behaves in the presence of a finite vector
chemical potential as a usual NG boson does whenever
we turn on supervelocity. If this is so, there would be
an associated Landau criterion and a corresponding in-
stability for large enough vector chemical potential.
In fact, due to the similarities between anomalous mass-
less modes and usual NG bosons, it is plausible that con-
clusions in the analysis of the latter carry over to our
case. If so, an interesting extension would be to address
the possibility of constructing a theory featuring Type-
II anomalous gapless bosons (there is a lot of literature
on usual Type-II NG bosons [19], some of it quite re-
cent; see [20] and also [21] for a review), which typi-
cally involves either explicit or spontaneous breaking of
Lorentz symmetry to some extent, as well as the inter-
play between several generators of a non-abelian symme-
try. Furthermore, for relativistic theories it is known that
Type-II NG bosons are accompanied by certain “massive
goldstones” [22, 23].
There are other future directions that one can follow,
regarding explicit set-ups in which anomalous massless
bosons can be observed. For instance, there can exist
further anomalous sound modes if Schwinger terms af-
5fect the commutator of a current and the energy density
(possibly, such terms would be proportional to the exter-
nal vorticity). Another direction involves the extension
of our arguments to Weyl and gravitational anomalies.
However, in that case it is not straightforward to estab-
lish a physical effect because, as shown in [24] for the
1+1-dimensional case,
〈[Ta(x), Tv(y)]〉 ∝ ∂31δ(x− y) , (20)
where T{a,v} denotes relevant components of the ax-
ial/vector energy-momentum tensor, is of higher order
in derivatives. If we assume that the energy-momentum
tensor can be written in terms of a putative scalar field
as T ∼ ∂2θ, the derivative that is left in (20) invalidates
the program carried out above. But a cautionary remark
is in order here. The naive momentum power counting is
known to led to wrong conclusions when analyzing phys-
ical effects associated to the mixed gauge-gravitational
anomaly [25, 26].
Finally, our argument could break down if we excite the
anomaly in the background. This would be consistent
with considerations presented in [27] and could be in-
vestigated further.
Acknowledgments
I would like to thank Carlos Hoyos, Karl Landsteiner,
Amadeo Jimenez-Alba and Natalia Pinzani-Fokeeva for
fruitful discussions and comments on the draft. The
work of L.M. was supported by the ERC Advanced grant
No.339140 “Gravity, Black Holes and Strongly Coupled
Quantum Matter”.
∗ Electronic address: luis.melgar@imperial.ac.uk
[1] R. A. Bertlmann, Anomalies in quantum field theory, .
Oxford, UK: Clarendon (1996) 566 p. (International
series of monographs on physics: 91).
[2] L. Faddeev, Operator Anomaly for the Gauss Law,
Phys.Lett. B145 (1984) 81–84.
[3] R. Jackiw and K. Johnson, Anomalies of the Axial-Vector
Current, Phys. Rev. 182 (Jun, 1969) 1459–1469.
[4] T. Sykora, Schwinger terms of the commutator of two
interacting currents in the (1+1)-dimensions,
hep-th/9910039.
[5] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, The
Chiral Magnetic Effect, Phys.Rev. D78 (2008) 074033,
[0808.3382].
[6] J. F. Anton Yu. Alekseev, Vadim V. Cheianov,
Universality of transport properties in equilibrium,
Goldstone theorem and chiral anomaly, 9803346.
[7] D. E. Kharzeev and H.-U. Yee, Chiral Magnetic Wave,
Phys.Rev. D83 (2011) 085007, [1012.6026].
[8] H. B. Nielsen and M. Ninomiya, Adler-Bell-Jackiw
anomaly and Weyl fermions in a crystal, Phys.Lett. B130
(1983) 389.
[9] D. Sénéchal, An introduction to bosonization,
cond-mat/9908262.
[10] C. Adam, Consistent and covariant commutator
anomalies in the chiral Schwinger model, Annals Phys.
265 (1998) 198–218, [hep-th/9710042].
[11] D. Mattis and E. Lieb, Exact Solution of a Many-Fermion
System and its Associated Boson Field, J. Math. Phys. 6
(1965) 304.
[12] T. Giamarchi, Quantum physics in one dimension.
Internat. Ser. Mono. Phys. Clarendon Press, Oxford,
2004.
[13] C. Burgess, C. Lutken, and F. Quevedo, Bosonization in
higher dimensions, Phys.Lett. B336 (1994) 18–24,
[hep-th/9407078].
[14] J. Frohlich, R. Gotschmann, and P. Marchetti,
Bosonization of Fermi systems in arbitrary dimensions in
terms of gauge forms, J.Phys. A28 (1995) 1169–1204,
[hep-th/9406154].
[15] F. Schaposnik, A Comment on bosonization in d ≥ 2
dimensions, Phys.Lett. B356 (1995) 39–44,
[hep-th/9505049].
[16] S. Treiman, E. Witten, R. Jackiw, and B. Zumino,
Current algebra and anomalies, .
[17] D. Son and B. Spivak, Chiral Anomaly and Classical
Negative Magnetoresistance of Weyl Metals, Phys.Rev.
B88 (2013) 104412, [1206.1627].
[18] E. Gorbar, V. Miransky, and I. Shovkovy, Chiral
anomaly, dimensional reduction, and magnetoresistivity
of Weyl and Dirac semimetals, Phys.Rev. B89 (2014)
085126, [1312.0027].
[19] H. B. Nielsen and S. Chadha, On How to Count
Goldstone Bosons, Nucl.Phys. B105 (1976) 445.
[20] H. Watanabe and H. Murayama, Unified Description of
Nambu-Goldstone Bosons without Lorentz Invariance,
Phys.Rev.Lett. 108 (2012) 251602, [1203.0609].
[21] T. Brauner, Spontaneous Symmetry Breaking and
Nambu-Goldstone Bosons in Quantum Many-Body
Systems, Symmetry 2 (2010) 609–657, [1001.5212].
[22] A. Nicolis and F. Piazza, A relativistic non-relativistic
Goldstone theorem: gapped Goldstones at finite charge
density, Phys.Rev.Lett. 110 (2013) 011602,
[1204.1570].
[23] H. Watanabe, T. Brauner, and H. Murayama, Massive
Nambu-Goldstone Bosons, Phys.Rev.Lett. 111 (2013),
no. 2 021601, [1303.1527].
[24] R. Bertlmann and E. Kohlprath, Two-dimensional
gravitational anomalies, Schwinger terms and dispersion
relations, Annals Phys. 288 (2001) 137–163,
[hep-th/0011067].
[25] K. Landsteiner, E. Megias, and F. Pena-Benitez,
Gravitational Anomaly and Transport, Phys.Rev.Lett.
107 (2011) 021601, [1103.5006].
[26] K. Jensen, R. Loganayagam, and A. Yarom,
Thermodynamics, gravitational anomalies and cones,
JHEP 1302 (2013) 088, [1207.5824].
[27] A. Jimenez-Alba, K. Landsteiner, and L. Melgar,
Anomalous Magneto Response and the Stückelberg Axion
in Holography, 1407.8162.
